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Abstract. The Hahn and Meixner polynomials belonging to the classical orthogonal
polynomials of a discrete variable are analytically continued in the complex plane both in
variable and parameter. This leads to the origination of two systems of real polynomials
orthogonal with respect to a continuous measure. The Meixner polynomials of an imaginary
argument obtained in this manner turned out to be known in the literature as the Pollaczek
polynomials. The orthogonality relation for the Hahn polynomials with respect to a
continuous measure is apparently new. A close connection between the Hahn polynomials
of an imaginary argument and representations of the Lorentz group SO(3, 1) is considered.

1. Introduction

Among the special functions of mathematical physics an important place belongs to
the classical orthogonal polynomials of a discrete variable which are the difference
analogues of the Jacobi, Laguerre and Hermite polynomials on the uniform and
non-uniform lattices. Recently (see Nikiforov et al 1982, Nikiforov and Ouvarov 1983,
Nikiforov and Uvarov 1983, Nikiforov et al 1984) a simple approach to the theory of
these polynomials has been developed which allows us to single out naturally the
above-mentioned class of special functions, to derive in a simple way all their main
properties and to carry out their classification. The Hahn, Meixner, Krawtchouk and
Charlier polynomials (see, for example Bateman and Erdelyi 1953, Szego 1959,
Nikiforov and Ouvarov 1983, Nikiforov et al 1984), as well as the polynomials
introduced by Hahn (1949), Karlin and McGregor (1961), Askey and Wilson (1979)
and Wilson (1980) with different special considerations, proved to be the particular
cases of the classical orthogonal polynomials of a discrete variable.

In the present paper a simple technique is discussed which permits one to include
in the general theory of classical orthogonal polynomials of a discrete variable some
more important families. As is well known, the Hahn, Meixner, Krawtchouk and
Charlier polynomials are orthogonal on a discrete set of points. If we write a discrete
orthogonality relation for these polynomials in the form of a contour integral using
Cauchy’s theorem and subsequently open up the contour in the complex plane, then
in some cases after analytic continuation in the parameter on a line, parallel to the
imaginary axis, there arises a real system of polynomials orthogonal with respect to a
continuous measure. It is natural to call such polynomials the classical orthogonal
polynomials of a discrete variable of the imaginary argument. The transition from the
discrete orthogonality property of these polynomials to the continuous one is analogous
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1584 N M Atakishiyev and S K Suslov

to the well known Sommerfeld-Watson transformation in optics and quantum theory
of scattering.

We shall discuss a new orthogonality property of the Hahn and Meixner polynomials
with respect to a continuous measure. As is demonstrated in § 2, the Meixner poly-
nomials of an imaginary argument are the Pollaczek polynomials (Pollaczek 1949a, b,
1950a, b), traditionally considered as a special case in the theory of orthogonal poly-
nomials (Bateman and Erdelyi 1953, Szego 1959). In § 3 the orthogonality property
of the Hahn polynomials in a continuous variable is established which apparently has
not been encountered in the literature for the general case.

The classical orthogonal polynomials of a discrete variable are used in various
problems of theoretical and mathematical physics, group representation theory, compu-
tational physics and techniques. It is sufficient to mention, for instance, the application
of these polynomials in the quantum theory of angular momentum or in the SU(2)
group representation theory. Recently close relationships have been found between gen-
eralised spherical harmonics for SU(2) and the Krawtchouk polynomials (Koornwinder
1982), between the Clebsch-Gordan coefficients for SU(2) and the Hahn polynomials
(Gel'fand et al 1958, Ryvkin 1959, Meckler 1959, Kirichenko and Stepanovsky 1974,
Koornwinder 1981, Smorodinsky and Suslov 1982a, Nikiforov and Suslov 1982,
Nikiforov et al 1983a,b), between Wigner 6j-symbols and the Racah polynomials
(Wilson 1980, Smorodinsky and Suslov 1982b, Suslov 1983a, Nikiforov et al 1983a, b).
From such a viewpoint, the quantum theory of angular momentum becomes even more
complete and logically consistent. The above results are generalised for the discrete
positive series of the unitary irreducible representations for the non-compact group
SU(1, 1} (Smirnov er al 1984). The T coefficients of the method of trees can be
expressed through the same polynomials (Suslov 1983b).

In the present work some further applications are also discussed. In §4 the
wavefunctions in a quasipotential model of a linear relativistic oscillator (Atakishiyev
et al 1980) are expressed through the Pollaczek polynomials (Atakishiyev 1983, 1984).
In § 5 close connections between the unitary irreducible representations of the Lorentz
group SO(3, 1} and the Hahn polynomials of an imaginary argument (Suslov 1984a)
are discussed.

2. The Pollaczek polynomials as the Meixner polynomials of an imaginary argument

The Meixner polynomials m{**'(z) belong to the classical orthogonal polynomials
of a discrete variable whose properties have been well studied (Bateman and Erdelyi
1953, Szego 1959, Nikiforov and Quvarov 1983, Nikiforov et al 1984). The Meixner
polynomials may be defined by means of the three-term recurrence relation:

um, 25N (z) =[yp+ (14 pw)n = (1 - p)zIm?(2) = n(n+y - m'(z) (2.1)

with the initial conditions m{"™’(z)=1 and m'%*’(z)=0. For real values of the
parameters vy >0 and 0< u <1 they satisfy the discrete orthogonality relation

i m(n%“)(k)m(n?,#)(k)p(k)='—nl1&2”_ Snw (2.2)
k=0 p (1= p)”

where p(k)=pu*(y),/k! and (y), =[(y+z)/T(y).
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We consider the analytic continuation of the relation (2.2) in the parameter pu,
leading to the polynomials orthogonal with respect to a continuous measure. Using
Cauchy’s theorem the left-hand side of (2.2) may be written as an integral with a
contour C,, enclosing the positive real axis Re z> 0 (figure 1), namely

. n!(y)n
—‘—.J M mP ()p(2) dz = D2 (23)
27 c M (1—:“)
N
&
I3 QL 2 L8 Rez
2
G
z:--’z—~‘¢ix
Figure 1.

where 5(z) = (y).I'(=z)(—u)’. Using the asymptotic behaviour of the gamma functiqn
in the complex z plane it is possible to show that on the semicircle z=—-v/2+ R ¢'’
and —w/2< 0 < 7/2 for the function g(z) the estimate

p(z)=0O(R” " exp{R[cos 6 In|u|—sin 8(arg(—u) = 7)]}) (2.4)

does hold as R —» . Therefore for |u|<1 and |arg(—u )| < 7 the integration contour
C, in (2.3) can be replaced by the contour C,, on which z=—y/2+ix, —00<x <0,
According to the estimate (2.4) for the function (z), when |arg(—u )| < 7 the integral
in the relation (2.3) uniformly converges on the contour C,, where 8 = +7/2, for all
values of |u|t. Consequently, this integral can be analytically continued in the para-
meter u to the entire complex u plane with the cut along the positive real axis Re u > 0.
In particular, the equality (2.3) remains valid for both u =exp(—2i¢) and z=
-y/2+ix (y>0,0<¢ <m). If we set (see Atakishiyev 1983, 1984, Suslov 1984a)

_exp(=ing)

: M~ +ix) w=exp(—2ig) (2.5)
n!

P(x, ¢)
then (2.1) leads to a three-term recurrence relation with the real coefficients for the
polynomials Pj(x, ¢) with A >0 and 0< ¢ < 7, i.e. they are real for the real values of
the variable x. As follows from (2.3) and (2.5) the polynomials P4(x, ¢) satisfy the
orthogonality relation

J Pr(x, ¢) Pr(x, ¢)p(x) dx = 8,,T(2A + n)/n! (2.6)

-0

+ It will be recalled that to prove the regularity of an integral F(p.)=j'cf(z,;¢)dz, depending on the
parameter u, belonging to a domain D of the complex u plane, the uniform convergence of this integral
with respect to u € D’ is required, where D’ is any closed subdomain of D (see, for example, Efgrafov 1968).
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with respect to a continuous measure with the weightt
1 .
p(x)= 2—(2 sin @)**|T(A +ix)}* exp[(2¢ — 7)x]. (2.7)
”

The polynomials P(x, ¢) were introduced previously by Pollaczek (1949a,b,
1950a, b) and called the Pollaczek polynomials. We have demonstrated that Pollaczek
polynomials are the analytic continuations of the Meixner polynomials in the parameter
.

Using the well studied properties of the Meixner polynomials (see, for example,
Nikiforov et al 1984) and (2.5), it is easy to obtain the difference equation, Rodrigues’
formula, etc, for the Pollaczek polynomials. In particular, the difference equation has the
form

[(x —ix) expli(¢ +3.)]— (A +ix) exp [~i(¢ +8,)]1P7(x, ¢)

=2i[(n+A)sin ¢ — x cos ¢]Ph(x, ¢) (2.8)
where 3, =d/dx and exp(ad,)f(x)=f(x+a). We would also like to mention the
formulae for the action of the raising and lowering operators:
{(n+A+ix) exp(—ig)+ (A —ix} expli(e +3)]IPa(x, @) = (n+ 1) P (X, ¢)

29
[n+A—ix—(A —ix) exp(io,)IPh(x, @) = (2A + n—1) exp(—ig)Pi_,(x, ¢). (29)

3. The Hahn polynomials of an imaginary argument

Just as in the case of the Pollaczek polynomials we shall introduce the Hahn
polynomials of an imaginary argument (Suslov 1984a):

Pa(x) = pi P (x, y) =i "h (2, N) (3.1)

where z=3i(x+y)—3(B8+1) and N=—4(a+)+iy. The definition (3.1) deals with
the Hahn polynomials h{*#'(z, N), analytically continued both in variable z and
parameter N to the complex plane (for their properties see, for instance, Nikiforov et
al 1984).

Taking into account the three-term recurrence relation for the Hahn polynomials
=P (z, N) and formula (3.1) we find that
2n+1)(a+B+n+1) (x)+ y(B*—a?)
(a+B+2n+)(a+B+2n+2) " T (a+B+2n)(a+B+2n+2)
+2(a+n)(ﬂ+n){72+[n +i(a+8)T}
(a+B+2n)(a+B+2n+1)
po(x) =1, p-1(x)=0. (3.2)

Therefore the polynomials p™#’(x, y) have the real coefficients for the real values of
the parameters «, 8 and v.

xXp,(x) = Pa(x)

pn—l(x)

+ We note the following properties of the function I'(z) (see, for example, Abramowitz and Stegun 1964):

I*(z)=T(z*) !i_r}]w(zw)“/zlr()\ +ix)| exp(a|x|/2)|x|"* T2 =1,

The symbol * denotes complex conjugation.
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As in the case of the Pollaczek polynomials, for the Hahn polynomials of an
imaginary argument it is possible to prove the orthogonality relation with respect to
a continuous measure.

Orthogonality property. For the real values of the parameters o, 8 and y (a, B> —1)
the polynomials p{#'(x, y) are orthogonal in the infinite interval (—oc, o)

r PP (x, 7)p Bl(x, y)p(x) dx = d’5,, (3.3)

with the weight

X 'y a+1>r<ix+y+ﬂ+l) (33a)

2 2 2

—

Proof. Let us calculate the integral of the product of two Hahn polynomials
ha(z)=hy""(z, N):

1

I=—.J h.(2)h,(2)p(z) dz (3.4)
27Tl o)

where p(z) =T (B+z+1)I'(z— N+ 1)I'(a+ N —z)['(-z), over some contour C, which
separates the poles of the expressions '(B+z+ 1)['(z— N+1) and (@ + N — z)['(-z2)
(figure 2). Using the symmetry properties of the Hahn polynomials (Suslov 1984a)

hB(z, N)=(=1)"hP*(N—z—1, N)=h"Ne"8*N(z g — N, —a)

and the representation for these polynomials through the hypergeometric function
(Nikiforov et al 1984)

heP)(z, N) = (_1)"(/3+1)nr(N)3F2(—n, at+B+n+l, -z

n!I'(N —n) B+1,1-N

1) (3.5)

¥-jlasB)-2 iy-}laspi-1 La-pleiy  la-pleiy+

Im2z

-p-2 -f-1 SAGISIRY 1 2 Rez

Figure 2. The contour C(z=3i(x+y)—4(8+1), ~c0 < x <o), on which the Hahn poly-
nomials of an imaginary argument p'®#’(x, y) are orthogonal, passes between the poles
of the expressions TI'(B+z+1)["(z-N+1) and [(a+N-z)[(-z) (N=iy-
Ha+B)ia,B>-1).
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we get
[=(=1)" (a+1).(a+1),
m!n!
(-m)(a+B+m+1) (—n)(la+B+n+1), TA-N+m(a+B+N+n+1)
" (a+ Dek!(a+ Dk T(I-N+kT(a+B+ N+k+1)
xi-l—lj M(B+z+)I'(z=N+k+1DI'(a+ N—-z+k')'(-z)dz (3.6)
mJc

For a, 8> —1 the Barnes’ lemma (see Whittaker and Watson 1927) and the known
integral representation for the B function allow us to prove the identity

—1—-" F(B+z+NHI(z=N+k+1)['(a+ N—-z+k")[(-z)dz
2 C

=27 (a+ B+ N+Kk'+ DI(-N+k+1)

1 l_S k+k'
XJ_ (—5—) (l—s)"(1+s)’3 ds. (3.7)

Therefore the formula (3.6) takes the form

+1)nla+1),
I=(—1)mr(l—N+m)F(a+B+N+n+1)%

l —
XJ ds(l_S)Q(I+S)BF<—m,a+B+m+1,a+1:—12s)

-1

l —_
xF<—n,a+B+n+1,a+1;——2—£). (3.8)
Taking into account the expression for the Jacobi polynomials P{**)(s) through the

hypergeometric function F(a, B, v; z) (see, for instance, Bateman and Erdelyi 1953),
for the integral (3.4) from (3.8) we find

1 .
Zr_iL hy(2)h.(2)p(z) dz

=(=DmM2" BT = N+m)[(a+B+N+1)
1
XJ PP ()PP (s)(1—5)(1+5)® ds. (3.9)

In the formula (3.9) we will choose a contour C in such a way that z=
3i(x+y)—3(B+1). Then according to the equalities (3.1) and (3.9), the orthogonality
property (3.3) of the Hahn polynomials of an imaginary argument p{™#'(x, y) follows

from the orthogonality of the Jacobi polynomials P\*#)(s) for a, 8> —1. Besides, the
formula (3.9) leads to the next value of the square of the polynomials p{*#’(x, v) norm:

Tla+n+DI(B+n+ I Ga+B)+iy+n+ 1))
B n(a+B+2n+ Dl (a+B+n+1)

di (3.10)

In the same way it is possible to introduce the polynomials Askey and Wilson 1982,
Suslov 1984a)

a4, (x, 8)=p, " (x, —i8) =i "A{**)(z, N) (3.11)
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where z=3%ix—3(a—86+1) and N =8 — a, which takes real values for the real para-
meters @ and & and variable x. Using the same considerations mutatis mutandis (the
location of the poles of the I functions is given in figure 3), we come to the orthogonality
relation for the polynomials ¢{*’(x, 8):

I g\ (x, 8)q'(x, 8)p(x) dx = d25,, (a>-1,]8|<a+1). (3.12)
£
-a-2 -a-1 8 B+1
carb-2 -aeb-1 L840 1 z Rez
c

Figure 3. The contour C (z=}ix—3(a—8+1), ~0c< x <), on which the Hahn poly-
nomials of an imaginary argument ¢'*’(x, ) are orthogonal, passes between the poles of
the expressions ['(a+z+ )T(z—=N+1) and ['(a+ N-z2)[(-2) (N=8—-q,a>~1,[8|<

a+l).
Here
X atdtl x a-86+1\/|° ‘
=— Sy - =4 — .
p{x) » 2 ) )T(l 5 5 > (3.12a)
and
d2=F2(a+n+l)F(a+6+n+l)F(a—6+n+1)

n!Qa+2n+HI'2a+n+1)

We would also like to mention that the weights for the Hahn polynomials of an
imaginary argument (3.3a) and (3.12a), as well as the weight for the Pollaczek
polynomials (2.7), satisfy the closedness criterion (see Nikiforov and Quvarov 1983).
Therefore these polynomials form the closed orthogonal systems of functions.

The Hahn polynomials of an imaginary argument p'®#(x,y) and ¢{*(x, &) are
closely related to the unitary irreducible representations of the Lorentz group SO(3, 1)
for the principal and complementary series, respectively (see § 5).

According to the relations (3.1) and (3.11) the polynomials p{*?)(x, y) and

qy"(x, 8) satisfy a difference equation, Rodrigues’ formula, etc, being true for them
owing to the known properties of the Hahn polynomials h("ﬁ)(z, N). We note, for
instance, the symmetry relations:

PP ) =P (%, =) = (1P (=%, ¥)
4 (x, 8) = ¢, (x, =8) = (~=1)"g\")(~x, 8).
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On the other hand, from the orthogonality relations (3.3) and (3.12) it is possible to
come to the discrete orthogonality property of the corresponding Hahn polynomials
h{=#)(z, N) as a result of the analytic continuation.
Consider an analogue of the Legendre polynomials: the polynomials #,(x, y) =
p®9(x, ¥), which is natural to call the Tchebichef polynomials of an imaginary
argument. Their weight p(x) and squared norm d? are equal to

™ 2 _

2(cosh mx +cosh 7y) §

f[ [(n—k)*+ 7]

plx)= (2n+1)smh TY K=

It is interesting to note that in this case the weight p(x) satisfies along with the difference
equation the nonlinear differential equation

p'(x)+(2sinh 7x)p?*(x) =0. (3.13)
We also mention the polynomials g\”(x, 8), for which

Ko
2(cosh mx+cos 7 &)

6
(2n+1) sin 76 &

p(x)=

d;= H [(n—k)*~87] (18] <1).

The Hahn polynomials of an imaginary argument g%’(x, 1/2) and the Pollaczek
polynomials P!/?(x, m/2) are orthogonal on the interval (-0, o) with the same weight
p(x)=constant/cosh 7x. As a consequence of this they are related by the equality

4’ (x,1/2) = (3).P?(x, w/2). (3.14)

4. The Pollaczek polynomials in a quasipotential model of the relativistic oscillator

For the consistent three-dimensional description of a relativistic two-particle system
in quantum field theory the quasipotential approach has been formulated. Some
relativistic generalisations of the known exactly solvable problems of quantum
mechanics have been considered in the framework of this approach (Logunov and
Tavkhelidze 1963, Kadyshevsky 1968, Kadyshevsky and Mateev 1968). Thus, in the
papers by Atakishiyev et al (1980) and Atakishiyev (1983, 1984) a model of the linear
oscillator in the relativistic configurational x representation (Kadyshevsky et al 1968)
has been studied, which is described by the difference Hamiltonian:

H(x)=mc? cosh(iAd,) +imw’x(x +ir) exp(ird,) (4.1

where A =#/mc is the Compton wavelength, 3, =d/dx and exp(ad,)f(x)=f(x+a).
We shall prove further that the square-integrable solutions of the equation

H(x)¥,(x) = Epn(x) (4.2)

are expressed through the Pollaczek polynomials P;(x, ¢) with the fixed value of the
parameter ¢ = /2. In fact, having separated the factors [¥(v—1)]7"/?* and I'(v +
ix/A), v=3+[i+(c/Aw)*]"?, which determine the asymptotic behaviour of the
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wavefunction ¢,(x) at the points x =0 and x = o0, respectively, we represent it in the
form

¥ (x)=C,[v(v— DT (v+ix/A)Q(x). (4.3)
The substitution of (4.3) in (4.2) leads to the difference equation for (x):
[(v—ix/A) exp(iAd,)+(v+ix/A) exp(—ird,)]Q(x) = 2(E./ hw)2(x). (4.4)

Comparison of this equation with (2.8) shows that the square-integrable solutions of
(4.4) are the polynomials Q(x) = P,(x/A, w/2), while the corresponding eigenvalues
of the Hamiltonian (4.1) are equal to E,=hw(n+v), n=0,1,2,.... The orthonor-
mality of the wavefunctions

W (x)=C[v(vr =TT (v+ix/A)Pu(x/A, m/2)

4.5)
C,=2"[n!/2mATl(n+2v)]"? (

is the consequence of the continuous orthogonality relation (2.6) for the Pollaczek
polynomials.

As is known (Atakishiyev et al 1980) a dynamical symmetry group for the
oscillator with the Hamiltonian (4.1) is the group SU(1, 1) (or isomorphic groups
SO(2,1)~8Sp(2, R)~SL(2, R)), whose generators are realised by the difference
operators

1

K:
" he

H(x) Kt=§iiK0¢ﬁ exp(—iAay). (4.6)

It is easy to see that their action on the eigenfunctions of the Hamiltonian (4.1), i.e.
K—djn(x)anwn—l(x) K+‘/’n(x)=’(n+1d/n+l(x)

47
k,=[n(n+2v-17"2 (“7)

follows from the formulae (2.9). The wavefunctions ,(x) (see (4.5)) are the basis
functions of the infinite-dimensional irreducible unitary representation D*(v) (discrete
positive series) of the universal covering group SU(I1, 1). Therefore, the relations (4.5)
lead to the group-theoretic interpretation for the main properties of the Pollaczek
polynomials.

Taking into account the limiting formula for the Pollaczek polynomials (Pollaczek
1950b), i.e.

lim »~"*P},

>0

(Vl/zx—VCOS(P
sin ¢

,¢)=—1;Hn(X)
n.

where H,(x) are the Hermite polynomials, it is easy to show from (4.5) that in the
limit when the velocity of light ¢ tends to infinity, ,(x) coincide with the wavefunctions
of the non-relativistic linear oscillator.

5. The Hahn polynomials of an imaginary argument and representations of the
Lorentz group SO(3, 1)

In the present section we discuss the close relationship between unitary irreducible
representations of the Lorentz group SO(3,1) and the Hahn polynomials of an
imaginary argument introduced above. In this way one manages to state the basic
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facts from the representation theory of the Lorentz group (Gel’fand et al 1958, Naimark
1964) in the form which is close to the well known problem of the coupling of two
momenta in quantum mechanics.

Let us consider Minkowski space, i.e. the four-dimensional real pseudo-
Euclidean space, in which a distance (interval) is determined by the quadratic form

sP=x2-xI-x3—-x3.

All the possible rotations in the three-dimensional space (x,, x,, x3) and boosts, i.e.
the hyperbolic rotations in the planes (x,, x,), (X, X2) and (x,, x;), form the proper
Lorentz group SO(3, 1).

Let J and K be the infinitesimal operators of rotations and boosts, respectively,
which satisfy the commutation relations

[Jpy JJ1=lep4, T, [J,, Kj]=lie,,K, 5.0)
[K,, K 1= ~iey,J, (p,q,r=1,2,3)

where e, is the Levi-Civita symbol.

The transformation

A=3J+iK) B=1(J-iK)

leads to the commutation relations for two independent angular momenta:
(A, Al=l16,,, A, [B,, B,]1=1ie,, B, (5.2)
[A, B,]=0 (p.g,r=1,2,3).

Therefore the construction of irreducible representations of the group SO(3, 1) is closely
connected with the problem of the coupling of two ‘complex conjugate’ momenta A
and B into one ‘real’ vector J = A+ B. For the unitary representations we havet

J =J K =K A"=B.

(The symbol L denotes the Hermitian conjugation of an operator L.)
According to the commutation rules (5.2) in a space of irreducible representation
of the group SO(3, 1) it is possible to construct the basis ®,, ,.,, on which the operators
A, =A *iA,, A; and B, = B,£1B,, B; act by the formulae
Atq)m\mz=[(jlq:ml)(jlimli1)]1/2‘1)"!111,"'2 A3q)m\mz=mlq)m1mz (5 3)
B;tq)m,mzz[(j2$m2)(j2:tm2+ 1)]1/2q)m,,m211 BBq)m,mzszq)m]mz- .

In the case of the Lorentz group the constants j,, j,, m,, m, take some complex values.
Since A™ = B, then jf=j, and m¥=m, Vectors &, ., are the eigenvectors of two
Hermitian operators J;= A;+ B; and K, =i"'(A;— By):

JBCDrn]mz:mq)m]m; KB(Dm,mZ:)‘@m\mz (54)

and they correspond to the real eigenvalues m=m,+m, and A =i"'(m,—m,).
Therefore

m, =X m+iA) my,=3(m—iA). (5.5)

+ The Lorentz group SO(3, 1) is non-compact and its irreducible representations are infinite-dimensional.
The correct definition of representations for this case can be found, for example, in Naimark (1964).
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For the basis X, = ® ., m,, Where the quantum numbers are connected by the formula
(5.5), the orthogonality and normalisation relations are valid:

(XAle)\‘m') =5mm’5(A —A,)' (56)

Here 5(¢) is the Dirac & function.

On the other hand, the infinitesimal operators J satisfy the commutation relations
of the angular momentum. Therefore in a space of irreducible representation there
exists the basis ¥,,, on which the operators J. =J, £iJ, and J; act by the formulae

J. Y, = (JFm)(jxm+ 1)]”2‘1’1',:“11 Sl = My, (5.7)

Here j is an integer or half-integer positive number and m=—j, —j+1,...,j—1,]}
From the infinitesimal point of view the study of irreducible representations of the
Lorentz group SO(3, 1) is reduced to defining the form of the operators K. = K, +iK,
and K; in the basis ¥,,, (Gel’'fand et al 1958, Naimark 1964).
To find out how the operators K. and K, act on the basis ¥,,, we expand the
vector ¥, over the eigenfunctions of the operator Kj:

\L’J.mz J d)\<m|m2|jm>®mxm: (5.8)

with m, and m, defined in (5.5), and then determine the coefficients of the expansion
(5.8). Acting by the operators J, = A, + B, on both sides of the equality (5.8) and
taking into account (5.7), (5.3) and (5.6), we obtain the recurrence relations for these
coefficients, which are well known in the theory of angular momenta:

[GFm)(G=m+ D]/ *mimylj, m=1)

=[(jixm)(GiFm+ D1 m, F1, my jm)

+[(ax my)(j2F my+ D]V my, my T 1 jm). (5.9)
The substitution

<mlm21jm>=aiC;Imgmujim(ml) (5.10)
where

o= z(r(jl+m1+1)r(jz+m2+1><j—m>!>"”

AL = m+ D= my+ 1)+ m)!
and

al'=sinw(j—-m+1) aZ'=sin 7(j,+ my+1)
leads to simple difference-recurrence formulae for the functions u;,(m,):
u;,’m-H(ml):V“;-m(ml) uj_,m—l(ml)=Auj_m(ml) (5.11)

where Af(x)=f(x+1)—f(x) and Vf(x)=f(x)—f(x~1). From (5.11) exactly in the
same manner as in deducing the general expression for the Clebsch-Gordan coefficients
(Nikiforov et al 1984) we get
(=" A (F(jl—m1+ DI(s = m2+1)(j+m)!>”2
sin 7(jy—m,+1) (2))I\I'(ji + m+ DI+ my+ 1)(j—m)!
(r(j1+ m+ DL+ j—m+ 1))
T(i—m+ DT —j+m+1))

(mym;,| jm) =

j-m
x Al

(5.12)
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Here A is a constant, determined by the normalisation condition

[l = r dA[(mymy| i) = 1. (5.13)

—oC

Using the Barnes’ lemma (Whittaker and Watson 1927) it is easy to check that for the
unitary irreducible representations of the Lorentz group SO(3, 1) the condition (5.13)
is satisfiedt:
(a) in the case of the principal series, when
Ji=iE=Hp-1+iy) j=litit L+t +L, ..

{u is an integer or half-integer and v is an arbitrary real number);
(b) for the complementary series, when

J'=J.’§=%(5"l) J=h—Jsji—ftl,...
(6 is a real number and |8{ < 1). For both cases

2|A| _( 2j+1 )”2
Jr2j)t \LG+ji=ia+ DT =ji+ i+ DI =ji = )T+ i +j+2))

(5.14)

For our further consideration it is convenient to put A=i""|A|.

By analogy with the theory of angular momenta coefficients of the expansion (5.8)
are called ‘complexificated Clebsch-Gordan coefficients’ (Smorodinsky and Shepelev
1971).

Using the Rodrigues’ formula for the Hahn polynomials (see, for example, Nikiforov
et al 1984), in accordance with the relations (3.1), (3.11) and (5.12), the complexificated
Clebsch-Gordan coefficients can be expressed through the Hahn polynomials of an
imaginary argument. For the principal series we have

, (PN im
(mymaljm) = f~———p{T (A, ) (5.15)
j~m
where p(A) and d, are the weight and norm of the polynomials p'™*’(x, vy) (see § 3).
In the case of the complementary series

(AN ()
d‘ qj—m
j—m

(mymy| jm) = f (A, 8). (5.16)

In the formulae (5.15) and (5.16) there appears the factor
_(sin 7-r(j2—m2+1)>”2

=1

Up to this factor the complexificated Clebsch-Gordan coefficients are real.

The formulae (5.8), (5.15) and (5.16) allow us to derive the matrix elements of the
operators K. and K; in the basis ¥,,, thus exploiting the properties of the Hahn
polynomials of an imaginary argument studied above. For instance, using the three-
term recurrence relation (3.2) we obtain

KV = m¥, 1 m T om¥im + @1 m W1, m (5.17)

+ We note that the usually used notations (Gel'fand er al 1958) are connected with ours in the following
way: h=p, L =iy, I=j, §,=1"""¥,,.
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where for the principal series

b oY
"G+

_ ((ﬁ— m?)(j*— )+ ﬁ)‘“

5.18
(2j - 1j*2j+1) (5.18)

jm

In the case of the complementary series in the formulae (5.17) and (5.18) it is necessary
to set w =0 and y=~-ié.

Using (5.7), (5.17) and the commutation relations (5.1) it is easy to determine the
action of the operators K. on the basis ¥;,. Thus, the action of the infinitesimal
operators J and K on the basis ¥, of the irreducible representation of the Lorentz
group SO(3, 1) is obtained with the help of the previously studied properties of the
Hahn polynomials of an imaginary argument. Conversely, from the formulae, deter-
mining the action of the operators J and K on the basis ¥,,, the group-theoretic
interpretation for the main properties of the Hahn polynomials of an imaginary
argument arise naturally.

The reasonings carried out by us allow to obtain simple expressions for the
boost matrix elements of the Lorentz group SO(3, 1):

difsy (1) = (V) exp(—itK;) ¥, ).

In the case of the principal series (u, y) the formulae (5.8) and (5.15) lead to the
following integral representation (Smorodinsky and Shepelev 1971, Suslov 1982,
1984a):

dﬁ;‘*ﬁ’(t)=J Bjom(A) eXp(=1tA)f;—m(A)p(X) dA (5.19)

where p;_,(A)=d; . p\"=*""*)(A, ¥). An analogous integral representation for the
boost matrix in the case of the complementary series is easily derived from (5.8) and
(5.16).

The integral representation (5.19) allows us to study the function d{#:Y’(t) on the
basis of the known properties of the Hahn polynomials of an imaginary argument. In

particular, owing to the orthogonality property (3.3) we get
difi7'(0) = 5.

In conclusion we note that since the Lorentz group SO(3, 1) is a dynamical symmetry
group for the non-relativistic Coulomb problem in the case of a continuous spectrum,

in this problem the Hahn polynomials of an imaginary argument also arise (Suslov
1984b).
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